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ABSTRACT
We show that the moduli space of supersymmetric black holes that arise in the
ve-dimensional N = 2 supergravity theory with any number of vector multiplets is
a weak HKT manifold. The moduli metric is expressed in terms of a HKT potential
which is determined by the associated very special geometry of the supergravity
theory. As an example, we give explicitly the black hole moduli metric for the STU
model.
1. Introduction
In the last few years, there has been much interest in supersymmetric black
holes in ve dimensions. This is because of the Strominger and Vafa [1] microscopic
derivation of the Bekenstein-Hawking entropy for a class of such black holes. The
low energy description of M-theory compactications on six-dimensional Calabi-
Yau manifolds [2, 3] and heterotic string theory compactications on K3  S1 [4]
is given by N = 2 supersymmetric ve-dimensional supergravity theories (eight
supercharges) coupled to vector and scalar multiplets [5]. A novel property of
the N = 2 supergravity theories, as shown by B. de Wit and A. van Proeyen in
[6], is that the couplings of the vector multiplets can be determined in terms of
geometric data on very special manifolds. These theories admit electrically charged
supersymmetric black hole solutions which preserve 1/2 of supersymmetry. Sabra
and Chamseddine in [7] have shown that these black holes can be described in
terms of the underlying very special geometry.
Viewing the supersymmetric black holes as the BPS soliton solutions of su-
pergravity theories, their low energy dynamics can be approximated by geodesic
motion in a moduli space. Some black hole properties like low energy scattering
and the presence of bound states can be investigated by studying the geometric
structure of the moduli spaces. In turn these may have applications in the under-
standing of M-theory and its compactications and perhaps provide another way
of deriving the Bekenstein-Hawking entropy formula. Recently it has been realized
that the black hole moduli spaces exhibit geometric structures that are related to
those that appear on the target spaces of one-dimensional supersymmetric sigma
models [8]. This is because the low energy eective theory of black holes, which
is an one-dimensional sigma model, has as many supersymmetries as thosed pre-
served by the associated solutions [9, 10]. An example of such geometry is that of
hyper-Ka¨hler with torsion (HKT) [11] which arises in a class of one-dimensional
sigma models with four supersymmetries based on the N = 4B multiplet; for appli-
cations in mathematics see Grantcharov and Poon [12]. In particular, it has been
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shown in [10] that the moduli space of ve-dimensional black holes that preserve
1/4 of the maximal supersymmetry is a strong HKT manifold. Michelson and
Strominger in [13] extended this to ve-dimensional black holes which preserve 1/8
of supersymmetry and are electrically charged with respect to the gauge vector
potential of the supergravity multiplet. In particular, they established that the
moduli space of these black holes admits a weak HKT structure.
In this paper, we investigate the moduli space of electically charged black holes
of ve-dimensional N = 2 supergravity with any number of vector multiplets. We
show that the moduli space is a weak HKT manifold. This is in agreement with the
counting of the number of unbroken supersymmetries of the black hole solutions
and the expected N = 4B multiplet structure of the eective theory. The HKT




where U is determined by the very special geometry of the supergravity theory.
In this way, we establish a relation between the very special geometry that arises
in N = 2 supergravity theory and the weak HKT geometry that arises in one-
dimensional supersymmetric sigma models. We give as an explicit example the
moduli space metric of the black holes that arise in STU model associated with
the K3  S1 compactication of the heterotic string.
This paper is organised as follows: In section two, we describe the supersym-
metric electrically charged black hole solutions of N = 2 ve-dimensional super-
gravity theory and establish our notation. In section three, we give the black
hole moduli metric and show that it is weak HKT. In section four, we present an
example associated with the STU model and in section ve we give our conclusions.
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2. The Black Holes of Five-Dimensional Supergravity
In this section we shall review some facts about very special geometries and
their applications to ve-dimensional supergravity. The bosonic part action of
ve-dimensional N = 2 supergravity with k vector multiplets is associated to a
hypersurface N of Rk dened by the equation
V (X)  1
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CIJKX
IXJXK = 1 (2.1)
where fXI ; I = 1, . . . , kg are standard coordinates on Rk and CIJK are constants.
In the case of a model arising from a Calabi-Yau compactication of M-theory, the




























are the dual coordinates to XI . Note that the hypersurface equation V = 1 can also
be rewritten as XIXI = 1. Then, the bosonic part of the associated supergravity






















where F I = dAI , I, J,K = 1, . . . , k are the 2-form Maxwell eld strengths,
µ, ν, ρ, σ = 0, . . . , 4, and g is the metric of the ve-dimensional spacetime; we have
used the same symbol φa to denote both the coordinates of N and the various
scalar elds of the theory.
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The eld equations of the above Lagrangian obtained from varying the scalars







− 2∂µ(p−gQIJ∂µXI∂aXK = 0 ,
(2.5)






















µτ = 0 , (2.7)
respectively. The electrically charged black hole solutions [7] that preserve 1/2 of
supersymmetry of N = 2 supergravity action (2.4) are














is a harmonic function on R4 with NI centres. Viewing eU as an additional scalar,
the last equation in (2.8) gives the k independent scalars feU , φag in terms of the











where V3 is the volume of the unit three sphere. The addition of (2.10) is due to
the presence of non-vanishing delta function sources as jx− yIAj ! 0.
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3. The moduli metric
The moduli space of the black holes (2.8) reviewed in the previous section
is expected to be a weak HKT manifold. This is because that although these
solutions (2.8) include those that have been used in [13] as a special case, in both
cases the killing spinor equations impose to the same conditions on the killing
spinors. Consequently, in both cases the sigma models that prescribe the low
energy dynamics have the same type of multiplet. The relevant multiplet in this
case is the N = 4B which is associated with the weak HKT geometry [8, 10].
In many moduli problems, much of the geometric structure on the moduli space
is induced from the geometric structure of the underlying space(time). For the
black holes (2.8), the spatial transverse space is R4 and so it admits a (constant)
hypercomplex structure. The hypercomplex structure of the HKT moduli space is
induced from that of R4.
To compute the metric on the black hole moduli space, we follow [14, 15, 16]
and allow the positions yIA to depend on time, i.e.
yIA ! yIA(t) . (3.1)
In addition, we perturb the metric and the gauge potentials as
ds2 ! ds2 + 2e−4Upmdtdxm
AI0dt ! AI0dt + (DIm − e−2UXIpm)dxm
(3.2)
where we take pm and D
I
m to be rst order in the velocities and we have set
xµ = (t, xm), m,n = 1, . . . , 4. The scalar elds are not perturbed linear in the
velocities. The pm and D
I
m will be determined by solving the supergravity eld
equations.
Next we solve the supergravity equations taking into account the source terms
to rst order in the velocities. The relevant equations are those of the gauge vector
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potential and those of the metric. The eld equation of the scalars vanishes to the
rst order in the velocities. For convenience, we dene
fmn = ∂mpn − ∂npm
f Imn = ∂mD
I
n − ∂nDIm .
(3.3)
Substituting the ansatz (3.2) into the eld equations and collecting the terms linear














































XIλIAδ(x− yIA)vIA n ,
(3.5)
where indices are raised and lowered with respect to the Euclidean metric on R4.
To derive the above equations, we remark that from the eld equations of the
metric and those of the gauge eld only the 0n and the n components contribute,








Next we contract the eld equation (3.4) with 12X




















Solving this equation for p, we nd















Substituting the expression for p back into (3.4), we nd










n − ∂nKIr + rn`s∂`KIs

, (3.9)
where BJI is the inverse of the matrix
BIJ = e








jx− yIAj2 . (3.11)
It remains to calculate the moduli metric. For this, we must substitute the
solutions (3.8) and (3.9) into the action including the source term and collect the
terms S(2) and S
(2)
source which are quadratic in the velocities up to surface terms.




























































































































From this we can easily read the moduli metric which turns out to be weak HKT.
To see this, let (Is) be the triplet of constant complex structures on R4 satisfying
the algebra of the imaginary unit quaternions which are associated to self-dual
2-forms on R4. Then












is the HKT potential and eU given in (2.8); for a discussion about HKT potentials
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(no sum over I and J). For a generic choice of very special geometry and a generic
choice of a black hole solution, the torsion of the HKT geometry is not a closed
form. So the moduli space of the N = 2 supergravity black holes is a weak HKT
manifold with metric (3.18) and hypercomplex structure fIsg. We remark that
the moduli metric (3.18) has a term symmetric and a term anti-symmetric in the
spatial spacetime indices. The anti-symmetric piece can be written in a basis of
anti-self-dual two-forms in R4. Such HKT geometries have been considered in the
past [18].
4. Examples
One possibility is to consider black holes that are coupled to a single one-form
gauge potential. For this we choose
C111 = 1 . (4.1)
The corresponding action (2.4) is that of a pure ve-dimensional supergravity mul-
tiplet which has bosonic elds a graviton and an one-form gauge potential [19]. We
remark that our metric in this case is in agreement with that of [13].
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Alternatively, we can consider the moduli space of black holes that are coupled
to dierent one-form gauge potentials. To give an example, we shall describe in
detail the metric on the moduli space of black holes of the STU model. This model
arises in the context of compactications of the heterotic string on K3  S1 and
the associated very special geometry has been presented in [20]. In this case, we
take I, J,K = 1, 2, 3 and the non-vanishing component of C is
C123 = 1 . (4.2)



















































jy1A − y3Bj2 jdy1A − dy3Bj
2 − V3h1
X λ2Aλ3B










λ1Aλ2Bλ3C jdy1A − dy2Bj2
 1
jy1A − y3C j2jy1A − y2Bj2
+
1
jy2B − y3C j2jy2B − y1Aj2 −
1






λ1Cλ2Aλ3B jdy2A − dy3Bj2
 1
jy2A − y1C j2jy2A − y3Bj2
+
1
jy3B − y1C j2jy3B − y2Aj2 −
1






λ1Aλ2Cλ3B jdy1A − dy3Bj2
 1
jy1A − y2C j2jy1A − y3Bj2
+
1
jy3B − y1Aj2jy3B − y2C j2 −
1





































































and similarly for the rest. Observe that the moduli metric has the general structure
of HKT metrics considered in [18].
The moduli metric indicates that there are up to three body interactions. One
possible explanation for this is that these black holes are in the same universality
class as the black holes that are made from three intersecting branes in the case
of toroidal compactications of M-theory to ve dimensions. In both cases the
black holes preserve the same fraction of maximal supersymmetry. So the three
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body interactions reflect the fact that the black holes are made from three dierent
objects.
Now consider the case of three black holes each coupled to a dierent one-form
gauge potential. One might have expected that the moduli metric simplies in this
case in analogy with a similar situation in the context of BPS solitons but this does
not seem to be the case here. This might be due to the fact that the two scalars
involved in the model have non-trivial interactions in the action.
5. Concluding Remarks
We have computed the moduli metric of ve-dimensional black holes of N = 2
supergravity coupled to any number of vector multiplets. We have found that the
moduli space is a weak HKT manifold. One can investigate the near horizon limit
of our moduli metric as in [13]. In particular, we examined the near horizon limit
of the STU model moduli metric that we have presented in the previous section.
We found though that the moduli metric appears to be singular in this limit.
To investigate black hole scattering and black hole bound states a new way to
construct these metrics may be required. Although the moduli space of n black
holes can be identied with the conguration space of n particles, the computation
of the metric is local. A dierent construction may provide the tools to nd closed
geodesics in the black hole moduli spaces and so investigate the presence of black
hole bound states.
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